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Abstract 

The concept of generalized functions taking values in a differentiable 
manifold ( Jig , |l9| ]) is extended to a functorial theory. We establish several 
characterization results which allow a global intrinsic formulation both of 
the theory of manifold-valued generalized functions and of generalized 
vector bundle homomorphisms. As a consequence, a characterization of 
equivalence that does not resort to derivatives (as provided in [jllj for 
the scalar-valued cases of Colombeau's construction) is achieved. These 
results are employed to derive a point value description of all types of 
generalized functions valued in manifolds and to show that composition 
can be carried out unrestrictedly. Finally, a new concept of association 
adapted to the present setting is introduced. 

Mathematics Subject Classification (2000): Primary: 46T30; secondary: 
46F30, 53B20. 

Keywords Algebras of generalized functions, Colombeau algebras, generalized 
functions on manifolds. 

1 Introduction 

While originating as a tool in the field of nonlinear PDEs a growing number 
of applications of nonlinear generalized functions j|, [| |2lJ in a geometrical 
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context — especially in the theory of general relativity (cf., e.g., || 0, as 
well as p3[ for a survey) and Lie group analysis of differential equations (cf. 
[ fL6| |7| |12[|) — has triggered the development of a geometric theory of algebras 
of generalized functions (p^|). Based on pi [| [l4|, a diffeomorphism invariant 
scalar theory in the so called "full" setting (which allows for a distinguished 
embedding of the space of Schwartz distributions) was developed in jfl, 13 . On 
the other hand the task of "geometrizing" the special setting of Colombeau's 
construction — which will also provide the framework for the present article — was 
started in ]l(| |[ |1| |l9). In particular, in jl8| a theory of generalized sections of 
vector bundles showing maximal compatibility with the distributional setting of 
[|| ^(J was introduced. Also a point value description of generalized functions 
on differentiable manifolds was achieved. This setting in turn was used to set 
up a "generalized (pseudo-)Riemannian geometry" in |fL9f . Finally, in |l5| the 
study of generalized functions taking values in a differentiable manifold was 
initiated. More precisely, the space Q[X, Y] of generalized functions on the 
manifold X and taking values in the manifold Y was defined as was the space 
Homg(£, F) of generalized vector bundle homomorphisms from E to F. When 
dealing with generalized mappings on manifolds the need for such concepts arises 
quite naturally; for example when considering the flow of a generalized vector 
field as well as geodesies of a generalized metric. 

The aim of the present paper is to complete this approach by extending it 
to a functorial theory. In particular, we provide several global characterizations 
of the notions of moderateness and equivalence (which replaces the notion of 
negligibility in the absence of a linear structure) for generalized functions from 
X to Y (Section ||) as well as for generalized vector bundle homomorphisms 
from E to F (Section ^). These characterizations in turn enable us to give a 
positive answer to the question raised in plf , Remark 2.11 whether equivalence 
is equivalent to equivalence of order zero. More precisely, we establish also in 
the case of both G[X, Y] and Homg(E, F) a characterization of equivalence of 
nets without making any reference to derivatives provided the nets are assumed 
to be moderate (Theorems 3J3 and [h^). Analogous results have been proven for 
virtually all variants of scalar- or vector valued Colombeau generalized functions 
(cf. 0, Th. 13.1, and @, Sec. 4). In the context of Q[X,Y] and Hom g (E,F) 
these characterizations provide the key to proving that (a) generalized functions 
taking values in a manifold as well as generalized vector bundle homomorphisms 
are characterized by their generalized point values (Theorem 3.5 respectively 
4.5), and (b) composition of generalized functions between manifolds as well as 
of generalized vector bundle homomorphisms can be carried out unrestrictedly 
(Theorems 3.6 and 4.6). Analogous results are given in Section^ for "hybrid" 
Colombeau spaces Q h [X, F] of generalized maps defined on a manifold X and 
taking values in a vector bundle F over Y . These spaces were introduced in 
[ [l9| , Sec. 4 to allow for the notion of generalized sections along generalized maps 
and, in particular, to define the notion of a geodesic of a generalized pseudo- 
Riemannian metric. Moreover we prove that for any u £ Q[X,Y] the space of 
generalized vector bundle homomorphisms on u, Honi u (E, F) can be endowed 
with a natural vector space structure. While trivial in the smooth setting the 
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corresponding result in the present framework relies on the fact that for any v G 
Hom u (E, F) we may construct a representative whose induced map on the base 
coincides with a given representative of u (Proposition 4.5). Finally in Section 
we consider the concept of 'coupled calculus' and, in particular, the notion of 
zero- association which in the context of Q[X, Y] allows us to make statements 
regarding compatibility of this approach with classical global analysis. We start 
this work by recalling the basic notions from the geometric theory of generalized 
functions (in the special setting) and, in particular, of generalized functions 
valued in a smooth manifold. 

2 Geometric theory of generalized functions 

We begin by fixing some notation. Throughout this paper X and Y denote 
smooth paracompact Hausdorff manifolds of dimension n and m respectively. 
Vector bundles with base space X will be denoted by (E,X,k) (or (E,X,ttx)) 
and for a chart (V, tp) in X, a vector bundle chart (V, $) over ip will be written 
in the form (K = M respectively C) 

$ : tt-^V) -> ip(V) x K n ' 

z -> (^yw /wis^),^)), 

where p — ir(z) and the typical fiber is I™ . Given a vector bundle atlas 
(V a , < &q) q we write $ Q o*!)" 1 ^, w) = (ip a p(y), p a p(y)w), where ip a /3 := ^o^ 1 
is the change of chart on the base and (p a p ■ fp(V a R Vp) — > GL(n', K) denotes 
the transition functions. The space of smooth sections of the vector bundle 
(E,X,n) is denoted by T(X, E), the space of smooth (r, s)-tensor fields (i.e., 
E = TJ) by 7J and the space of smooth vector bundle homomorphisms from 
E to F by Hom(£, F). If f e Hom(£, F) we write / : X -> Y for the smooth 
map induced on bases, i.e., iry / = / ^x- Local vector bundle homomor- 
phisms with respect to vector bundle charts (V, $) of E and (W, "J) of F, i.e., 
/*$ := * o / o $"! : ip(V n l~\W)) x K n ' -> ip(W) x K m ' will be written in 
the form 

Turning now to notions from Colombeau theory we set I = (0, 1] and £{X) = 
C°°(Xy and let V(X) denote the space of linear differential operators on X. 
We define the spaces of moderate and negligible nets in £(X) by 

£ M (X) := {(u £ ) £ G £(X) : VK CC X, VP G V{X) 3N G N : 

S wp\Pu £ (p)\ =0(s- N )} 

p£K 

M{X) := {(u £ ) e e £ M (X) : VA' CC X, Vg £ N : sup |u e (p)| = 0(e 9 ))} . 
G(X) :— £m{X)/M(X) is called the special^] Colombeau algebra on X and we 

1 Since we are going to work entirely in the "special" setting of Colombeau's construction 
we omit this term henceforth. 
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denote its elements by u = [(u £ ) e )]. G{-) is a fine sheaf of differential algebras 
with respect to the Lie derivative along smooth vector fields defined by L(U = 
[{L^u e ) e \. u is in Q{X) if and only if u o ip a £ G{ip a {V a )) (the local Colombeau 
algebra on ip a (V a )) for all charts (V a , ip a ). C°°{X) is a subalgebra of G{X) and 
there exist injective sheaf morphisms embedding T>'(X), the space of Schwartz 
distributions on X, into G(X). 

A net (p £ )e S X 1 of points in X is called compactly supported if p e stays in a 
fixed compact set for small e; the set of generalized points is denoted by X c . Two 
nets (p e ), (q e ) e £ X 1 are called equivalent, (p e ) e ~ (g E ) e , if d h (p e ,q £ ) = 0(e m ) 
for each m > 0, where dh denotes the distance function induced on X by any 
Riemannian metric h. The quotient space X c of the set of compactly supported 
points modulo ~ is called the space of compactly supported generalized points 
on X and we write p = [(p e ) e ]. Inserting p into u £ G(X) yields a well-defined 
element [(u e {p £ )) £ ) of /C, the space of generalized numbers (corresponding to 
K = M respectively C and defined as the set of moderate nets of numbers 
(r e ) £ £ K 7 with |r E | = 0(e~ N ) for some N modulo negligible nets \r s \ = 0{e m ) 
for each m). Moreover, u £ G{X) is uniquely determined by its point values on 
X e , i.e., u = v & u(p) = v(p) Vp e X c (|| Th. 1). 

The ^(X)-module Tg(X,E) of generalized sections in E is defined using 
analogous asymptotic estimates with respect to the norm on the fibers induced 
by any Riemannian metric on X. Setting T^(X, E) = T(X, E) 1 and denoting 
by V(X, E) the space of linear differential operators on T(X, E) we define 

T £m (X,E) := {(s E ) E eT £ (X,E) : VP e P(X, E)VK Cd X 3N e E : 

S up\\Pu £ (p)\\=0(e- N )} 

pEK 

Tjtf(X,E) := {(s E ) e eT £M (X,E) : Vif CCXVmeN: 

supK(p)|| -0(e m )}, 

pEK 

Finally Tg(X,E) := Te^X^/T^E). Any s = [(a e )J e ^(X,^) corre- 
sponds to a family (s a ) a = ((s„) Q )™ =1 , where s Q is called the local expression of 
s with its components s l a :=^ l a o so tp' 1 £ G(ipa(V a j) (i = 1, . . . ,n') satisfying 
40*0 = (rp^i^o^ix))^ o V" 1 (x)) for all x£^ a (V a nVp)_T g {.,E) 
is a fine sheaf of projective and finitely generated ^(X)-modules (Q, Th. 5) 
and we have 

r g (x,E) = g(x)®r{x,E), (2) 

where the tensor product is taken over C°°(X) ([pj|, Th. 4). 

For later reference we now explicitly recall the main definitions from p5| . 
The space Q[X, Y] of compactly bounded (c-bounded) generalized Colombeau 
functions from X to Y is defined as the quotient of the set of Em [X, Y] of 
moderate, c-bounded maps from X to Y by a certain equivalence relation defined 
below. 

2.1 Definition. £m[X, Y] is defined as the set of all (u s ) e £ C°°{X,Y) 1 satis- 
fying 
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(i) WK CC Q 3e > 3K' CC Y Ve < e : u e (if) C X'. 

(m) Vfc £ N, for each chart (V, ip) in X , each chart (W, ip) in Y , each L CC V 
and each L' CC W there exists N G N with 

sup \\D^(rPou e ocp-^( l p(p))\\=0(e- N ). 
xeLnu E 1 (L') 



2.2 Definition. (it e ) e and (w e ) e G £m[X, Y] are called equivalent, (u £ ) £ ~ 
(w e ) e; if the following conditions are satisfied: 

(i) For all K CC X 7 sup peX dh(u e (p), v e (p)) — > (e — ► Oj /or some (hence 
every) Riemannian metric h on Y . 

(ii) Vfc G No Vm G N 7 for each chart (V, m X, eac/i chart {W, in Y , each 
L CC V and each V CC W: 

Sup WDWtyoUeOtp^-lftOVeOip- 1 )^))]] = 0( £ m ). 

^eLnur 1 (L')ni>7 1 (L') 



Due to the c-boundedness condition (i.e., (i) in Definition 2.1) elements u of 
Q[X, Y] can model jump discontinuities but not J-like singularities; the latter, 
however, will arise as tangent maps of such u (see below, a list of examples 
is provided by frL5|| , 2.8). Inserting a compactly supported point p G X c into 
u G G[X, Y] yields a well-defined clement [u £ (p £ ) £ ] G Y c . However, p G X c 
characterize u G G[X, Y] only up to equivalence of order zero (~0j to be defined 
below), i.e., u(p) = v(p) Vp <^> (ti e ) e ~ (u e )e (Prop. 2.14 in Q). 

2.3 Definition. We call two elements {u e ) £ , ( v £ ) £ of £ m [X, Y] equivalent of 
order 0, (u £ ) e (^e)e "if they satisfy Definition \2.^\ (i) and (ii) for k = 0. 

We now turn to the definition of generalized vector bundle homomorphisms 
by first introducing the respective notions of moderateness and equivalence. 

2.4 Definition. £m YB [E, F] is the set of all (u £ ) £ G Hom(_E, F) 1 satisfying 

(i) (ue) £ e £ M [X,Y]. 

(ii) Vfc G No V(V, $) vector bundle chart in E, V(W, VP) vector bundle chart in 
F, ML CC V VL' CC W 3N G N 3e\ > 3C > with 

\\dM{ u ^Mp)))\\<Cs- n 

for all e < E\ and all p G L n u E _1 (L'), where \\ . || denotes any matrix 
norm. 



2.5 Definition. (u £ ) £ , (v £ ) £ G £m [E,F] are called vb-equivalent, ((u 

Me) if 



j vb 
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(i) (Ue) e ~ (Ve)s in £m[X,Y}. 

(ii) Vfc G No Vm G N V(V, $) vector bundle chart in E, V(W, 1 J r ) vector bundle 
chart in F,VL CCV VL' CCW 3ex> 3C > such that: 

\\D^{u%-v%)^{p))\\<Ce m 
for all e < ei and all p G Lnt% _1 (I') n 

We now set Romg[E, F] := £ M VB [E, F]f For it 6 Hom g [£, F],u:= [(u £ ) £ ] 
is a well-defined element of Q[X, Y] uniquely characterized by u o itx — t^y ° u. 
The tangent map Tu :— [(Tu e ) s ] of any u G Q[X,Y] is a well-defined element 
of Romg[TX,TY]. 

Analogously to the case of manifold valued nets of functions we will need the 
weaker notion of vfr-O-equivalence, denoted ^ v bo, and defined by (u £ ) £ ^ v bo (v £ ) e , 
if (u e ) e ~o (Ve)s and (ii) above holds for k = 0. 

Finally we define the space E~ vb of compactly bounded generalized vector 
bundle points. 

2.6 Definition. On (E,X,7t) we define the set of vb -moderate generalized 
points as consisting of (e e ) e G E 1 satisfying 

(i) 3K CC X 3eq > such that (7r(e e )) e £ K for all e < £q. 

(ii) 3ei > 3N G N 3C > such that \\e e \\ < Ce~ n for all e < e x (with the 
norm again induced by any Riemannian metric on the base). 

On this set we introduce the equivalence relation (e £ ) e ~ v b (e' e ) s by 

(Hi) (ir(e e )) E ~ (Tr(e' e )) E in X 1 

(iv) Vm E N V(W,*) vector bundle chart in E VL' CC W 3e\ > 3C > 
such that \tpe £ — i/>e' e \ < Cs m for all e < e± whenever both irx(e £ ) and 
w x (e' e ) lie m V. (Here * = (z p ^ (V»(p),^(z))), cf. 

The set of equivalence classes is denoted by E~ vb . 

Inserting p S X c into u € Tg (X, E) yields a well-defined element of E~ vh 
and generalized sections are characterized by these point values (p5[, Th. 3.7 
(i)). On the other hand v G Homg[£ , ,F] has to satisfy an additional condition 
(equation (6) in Q) to allow for a well defined element [(v £ (e £ )) £ ] G F~ ub for 
e G (PI; Prop. 3.6 (ii)) and even under this restriction generalized vector 

bundle homomorphisms are characterized by their point values on E~" b only up 
to w6-0-equivalence (pfl, Th. 3.7 (ii)). 

3 Characterization of generalized functions 
valued in a manifold 

We start this section by establishing simple and global criteria for nets (u £ ) £ G 
C°°(X, Y) 1 to be moderate. The basic idea is to replace the chartwise (in Y) 
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description of Definition 2.1 (ii) by composition with smooth (compactly sup- 
ported) functions / : Y — ► C. To begin with, we note the following characteri- 
zation of the notion of c-boundedness. 

3.1 Proposition. Let (u s ) e G C°°{X,Y). The following conditions are equiva- 
lent 

(i) (u E ) e is c-bounded. 

(ii) (/ o u £ ) e is c-bounded for all f G C°°(Y). 
(Hi) (/ o u e ) E is moderate of order zero for all f G C°°(Y), i.e., 

VK CC X 3N G N : sup \f o u e (p)| = 0(e -JV ) 
peK 

for all f G C°°(Y). 

(iv) (u e (x £ )) £ G Y c for all (x e ) e G X c . 

Proof. (i)=>(ii)=>(iii) is clear and so is (i)-^(iv). We establish (iii) => (i). 
To begin with suppose Y is non compact and connected. We then may write 
Y = UneN-k" with L n compact and L n contained in the interior of L n+ i 

for all n. Suppose (i) is false; then 3K CC I Vn e N 3e„. < l/n 3p n G K 
with u Sn (p n ) $ L n . Without loss of generality we may even suppose that 
u e n {Pn) G L° n+1 \ L n . Now choose /„ in V(L° l+1 \ L n ) with f n (u En {p n )) = e 1/e ™ 
and let / := X^^Li fn- Then / G C°°(Y") and by (iii) we are guaranteed the exis- 
tence of N G N such that | sup p£K f{u e (p))\ < e~ N . Hence \f(u £n (p n ))\ < e~ N 
but by the above e 1 ' E " < for large n, a contradiction. If F is not connected 
we employ a similar construction taking into account that each connected com- 
ponent of Y is er-compact. □ 

We now have the following characterization of moderateness in C° C (X, Y) 1 . 

3.2 Proposition. Let (u e ) £ £ C°°(X, Y) 1 . The following statements are equiv- 
alent. 

(a) (u s ) s G £ M [X,Y}. 

(b) (i) (u e ) e is c-bounded. 

(ii) (/ o u £ ) e G £ M (X) for all f g V{Y). 

(c) (/ o u e ) e g £ M (X) /or aH / G C°°(y). 

Note that (i) in (b) is necessary. Indeed, let X = K = Y; then u e (a;) =l/s 
is not c-bounded but |/ou e (x)| < ||/||oo for all compactly supported smooth /. 



Proof. (b)=>(a): We have to verify (i) and (ii) of Definition 2.1. (i) is identical 



to (b) (i). Concerning (ii), let k G N, (V,tf), (W, ip) charts in X respectively Y 
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and L CC V, V CC W. Choose / G T>(W) m , f = ip in a neighborhood of L' 
and set fj := pr 3 o /. Let peln w,T 1 (i / ). Then in a neighborhood (depending 
on e) of p we have ipj ° u £ — fj o u £ , so 

DWtyj o u E o p" 1 )^)) = D^(fj o u E o ^~ 1 )(^(p)) , 
from which the claim follows. 

(a)=>(c): We have to deduce (c) from Definition 2.1. Let / G C°°(F) and 
if CC X. We may assume without loss of generality that K CC V for some 
chart (V,(f) in X. Since (u £ ) e is c-bounded we may choose K' CC Y and 
£o > such that u s (K) C if' for all £ < £q- Cover if' by charts (Wi,ipi) in y 
(1 < I < s) and write K' = \J s l=1 K[ with K[ CC W; for each I. Let p £ K and 
choose I <G {1, . . . , s} such that u £ (p) G if/. Then f ou £ = (f otpr 1 ) o (^/ o« f ) in 
a neighborhood of p (depending on e). Applying Definition |2.l| (ii) to L := K , 
(V,(p), L' := K[, (Wi,ipi) we obtain e x = mini<j< s 4) N = maxi</< s iV;, and 
C = maxi<;< s Ci such that 

sup \\D^(f o u £ o ip-^ipM < Ce- N 

p<=K 

for e < ex, so indeed (/ o u £ ) £ G 

(c)=^(b) is immediate from Proposition 3.1. □ 



A similar characterization can be derived for the equivalence relation ~ on 



£m[X,Y] (see (c), (d) in Theorem 3J3 below). Moreover, this characteriza 



tion provides an affirmative answer to the question raised in |15|1 , Remark 2.11 
whether a characterization of equivalence of elements of spaces of Colombeau 
generalized functions which does not resort to derivatives of representatives (as 
established for practically all (scalar) variants of the construction in |llj, Th. 
13.1) was also attainable in the context of manifold- valued generalized functions. 

3.3 Theorem. Let (u £ ) E , (v s ) e G £jvf[X,y]. The following statements are 
equivalent: 

(i) {u £ ) £ ~ (v e ) e . 

(ii) (u e ) e ~o (v £ )s- 

(Hi) For every Riemannian metric h on Y , every m G N and every K CC X , 
S upd h (u £ (p),v £ (p)) = 0(e m ) (e-0). 

pEK 

(iv) (fou £ -fo v £ ) £ G Af(X) for all f G V(Y). 
(v) {fo Us -fa v £ ) £ G N{X) for all f G C°°(Y). 
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Proof. Clearly, (i)=>(ii). 
(ii)-O-(iii): sec fl|, Th. 2.10. 

(ii)^(iv): Let K CC X, / 6 V{Y). By ||), (3) it suffices to show that 
sup | / o - / o u E (p)| = 0(e m ) 

for each m G N. To see this, choose if' CC Y and e > such that u e (K) U 
We(-ft') C K' for e < so- Cover AT' by open sets W{, W[ CC Wj for charts 
(Wi,ipi) (1 < I < s). From (ii) it follows that for each fixed sufficiently small e 
and each p d K there exists I G {1, . . . , s} such that both u e (p) and v e {p) are 
contained in W[. In this case we have 

l(/ °U £ ~ / °V £ )(p)\ = ((/ Ol/J^ 1 ) ° (ipl ou £ ) - (/ o-0, _1 ) o (ipi o V e ))(p)\ 
< C\(lpl o v e ~ Ipl o U e )(p)\ 

by |l5| ], Le mm a 2.5, where C is independent of e. Hence the claim follows from 
Definition 2.3 . 

(iv)=>(i): We first have to show that for every Riemannian metric h on Y and 
any if CC I we have sup pgif dh{u e (p), v s (p)) — ► as e — > 0. Suppose to the 
contrary that 

3JT CC X 36 > Vfc G N 3e fc < -j- 3p fe G A' : <4(u e „ (p fc ), t> £fc (p fc )) > S. (3) 

Since (u e ) e and (v s ) s are c-bounded, there exists K 1 CC Y such that u E (K) U 
w e (if) C if' for e small. Thus, without loss of generality we may suppose that 
u ek (Pk) -» <Zi and v ek (p k ) -> q 2 with % G if' for i = 1,2. By (|), g a ^ g 2 - 
Choose / G P(Y) with f(q 1 ) = 1, /(g 2 ) = 0. But then 

1 = lim \f(u £k ( Pk )) - f(v Ek ( Pk ))\ < sup \f(u £k (p)) - f(v Ek (p))\ = 0(4") 
for all m, a contradiction. 



Finally, we have to establish property (ii) of Definition 2.2. Thus let L CC V, 
(V, ip) a chart in X, V CC W, (W, ip) a chart in Y. Fix j G {1, . . . , m} and 
choose G T>(W) such that /j = ipj in a neighborhood of L'. Then for any 
p G LnM7 1 (£')nw7 1 (i') there exists a neighborhood (depending on e) on which 
ipj ou e — fj o u £ and ipj ov e — fj o y s . Hence, since (fj ou £ — fj o u e ) e G Af(X), 
for each A; in N we have 

< sup \\DW(fj o We o y," 1 - o v e o = 0(e m ) 

p'GL 



for each m, yielding the claim. 
(iv)<S=>(v) follows as in Proposition 3.2 



□ 



The above characterization result has several important consequences. First, 
we obtain a characterization of equivalence of compactly supported generalized 
points. 
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3.4 Corollary. Let (p £ ) £ , (q s )s £ X 1 be compactly supported. The following 
statements are equivalent: 

(i) (p e ) e - (q e ) B . 

(ii) (f(p £ )) £ ~ (f(q £ )) £ for all f G V(X) (respectively all f G C°°(X)). 

(Hi) \f(p £ ) - f(q e )\ = 0(e m ) as e -> /or all m £ N and all f G 
(respectively all f G C°°(X)j. 

Proof. (i)<^>(iii): Setting w E (p) = p e and u e (p) = cfe, the nets (it e ) e , (« e ) e are 
contained in £m[X, X]. It is clear from the definitions that (u s ) s ~ (i'e)e m 



X] if and only if {p £ ) £ ~ (o: e ) £ . Thus an application of Theorem 3.3, 

(i) 'O-(iv) gives the result. 

(ii) <=>(iii) is immediate from the definition of equivalence of generalized num- 
bers. □ 



Based on Theorem |3.3| , the following result provides a point value charac- 
terization of elements of G[X, Y]. 

3.5 Theorem. Let u, v 6 C/[X,Y]. Then u — v if and only if u(p) = v(p) for 
all p € X c . 



Proof. Immediate from (a)o(b) in Theorem 3.3 and ha], Prop. 2.14. □ 



Moreover, Theorem 3.3 can be used to show that composition of manifold- 
valued generalized functions can be carried out unrestrictedly (i.e., without any 
additional assumptions, as, e.g., condition (6) in |l5}]). 

3.6 Theorem. Let u = [(u £ ) £ ] G Q[X, Y], v — [(v £ ) £ ] G Q[Y, Z\. Then v o u := 
[(v £ o u £ ) £ ] is a well-defined element of Q[X, Z\. 

Proof. The proof of Th. 2.16 shows that (v £ ou £ ) £ G £ M [X, Y]. Moreover, 
it also establishes that {u £ ) £ ~ (u' £ ) £ implies (v £ o u £ ) ~o ( v £ ° u' e ) and that 
(v £ ) £ ~ (Ue)e implies (u e o u e ) ~ (v^ ° u E ). Hence by Theorem |3.3| , the class of 
(v e o u £ ) e is well-defined. □ 



4 Characterization of generalized vector bundle 
homomorphisms 

The aim of this section is to derive characterizations similar to Proposition |3.2| 
and Theorem |3.3| also for generalized vector bundle homomorphisms. In the 
following considerations for any vector bundle E over X the role of the "model 
spaces" £m{X) respectively M(X) (cf. Proposition |3.2| (b), (c) and Theorem 
|3~3| (iv), (v)) will be played by £\P\E, K x M. m '] respectively ~ vb on that space. 
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In order to allow a smooth presentation of the following results let us therefore 
examine the simplifications that ensue from the particularly simple structure 
of the range space K x R m '. Let (u e ) e G Hom(£;,R x R m ') and let (V, $) be 
a vector bundle chart in E. Then using the trivial vector bundle chart id on 
K x R m we may write 



o$-\x,0 = (uV(x), U W(x)-0- (4) 



It follows that (u e ) e £ £m B [E 7 R x R m '] if and only if (u £ ) E is c-bounded and for 
each vector bundle chart (V,$), u^* e £m(v>00) and "S* e (p(V)) (m ' )2 . 
Moreover, it follows that for (u £ ) £ , (v s ) e £ £Xj B [E,R x R TO '], (w £ ) £ ~ vb (v e ) e is 

equivalent to u^P$ — $ G N(tp(V)) and 4 — Ug. $ G A/"(^(V)) for each 
vector bundle chart (V, $). By Q, Th. 13.1 and the remark following it, this 
in turn is equivalent to (u e ) e ~ v bo {v e ) e , so and ~ v ba are the same for the 
model space £\P [E, R x R m ] . We will extend the validity of this observation 



to general £m[E, F] in Theorem 4.2 below. 

For a vector bundle E — » X we denote by Hom c (iJ,R x R m ) the set of all 
vector bundle homomorphisms / such that / : X — > R has compact support. 

4.1 Proposition. Let (u £ ) £ G Hom(£, F) 7 . TTie following statements are 
equivalent: 

(a) [u e ) e ££\ B [E,F]. 

(b) (i) (u e ) e is c-bounded. 

(ii) (fou £ ) e G £]& B (E,R x R m ') /or a/Z / G Hom c (F,M x R m '). 

(c) (/ oii E ) £ e £jJ fl (E,Mx M m ') /or aZZ / e Hom(F, R x R m '). 

Proof, (a)^(c): By (|) we have to show that for each / G Hom(F,R x R m ') 
and each vector bundle chart (V, $) of E we have ((/ o u e )[^) £ £ £m( 1 p(V)) 
and ((/o« e )g^) e G M^OO)^ • Due to (/o % g = /o^op" 1 , the 



first of these claims follows from Proposition 3.2 since (u s ) s £ £m[X, Y] and 
/ G C°°{Y). Concerning the second one, let L CC V and choose £o > 0, 
L' CC r* such that Ue_(L) C L' for e < £q. Cover i' by vector bundle charts 
(Wi,*z) of F (1 < F< s) and write L = ULi L i with CC Wi. Choose 



£i < £o such that property (ii) of Definition 2.4 is satisfied for (L, V, $) and 
(Li, Wi, (Lg, W s , ^s) simultaneously. Let e < E\ and p G L with 

u £ (p) G ij. Then for p' in a neighborhood (depending on e) of p we have 

(fou^Mp')) = (/o* r i)(2)(^ o !k (p')).«$ l4 Mp')), (5) 
so the claim follows. 



(c)=>(b): (i) follows from Proposition 3.1 while (ii) is immediate 



(b)=>(a) We have to establish properties (i) and (ii) of Definition 2.4. Since 



(/ ° u e)idl = / ° 2k ° ^ for an y / e Hom(F,R x R m '), (i) follows from 
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Proposition ||^. Let L CC V, {V, $) a vector bundle chart in E, L' CC W, 
(W, ^P) a vector bundle chart in F and choose an open neighborhood U of L 1 
whose compact closure is contained in W. Choose any I G {1, . . . , m} and let 
ft G Hom c (F,R x K m ') such that 



where pr ; : M m — > R. Let p <E L Hu £ 1 {L'). Then for p' in a suitable neighbor- 
hood of p we have 

(/« o u £ o ^^(p')) - u^fc/)) , (6) 
so the desired estimates of (uf^)(ip(p)) follow, thereby establishing prop- 



erty (ii) of Definition 2.4. □ 



We now characterize the equivalence relation on E\ B \E, F], simultane- 
ously establishing that vb-equivalence is in fact identical to vb-O-equivalence. 



4.2 Theorem. Let (u e ) e , (v £ ) £ G E\ [ B (E 1 F). The following statements are 
equivalent: 

(i) (u e ) e ~„6 (v £ ) £ . 

(ii) (u £ ) £ ~„60 (v £ ) £ - 

(Hi) (f ou £ ) ~ vb (fov £ ) £ in £V B [E,R x W n '} for all f G Hom c (£,R x W n '). 
(w) (/ o u £ ) ~ vb (/ o v £ ) £ in £]d B [E, R x R" 1 '] for all f G Uom(E, M x R m ' ) . 
Proof. (i)=>(ii) is clear. 

(ii)^-(iv): Let / G Hom(£, R x R m ') and L CC V, (V, $) a vector bundle chart 
in £7. To prove (iv), by the remarks following (||) it suffices to establish the 
A^-estimates of order on L for both (/ ou £ — f o Ue)^ and (/ o u £ — / o u e )2$ • 
Choose K' CC Y" and e\ > such that Ue(£) LJWe(Z) C A"' for e < £ X . Cover A' 
by open sets TV/, W[ CC Wj (1 < I < s), where (Wi, \f/j) are vector bundle charts 
in F. Since for any Riemannian metric h on Y, sup peK dh(u £ (p), v £ (p)) — > as 
e — > 0, for each e small and each p E K there exists Z G {1, . . . , s} such that 
both u £ (p) and v £ (p) are contained in W/. Now the estimate for 

(/ °U e -fo V e )$ 9 (tp(jp)) =(f OUe- f °Ve)° ^ (p) (7) 



follows from Theorem 3.3 (ii) (v), while that for (f ou £ — / o v £ )\^((p(p)) is 



derived from a representation as in (^|) using Definition 2J5 (ii) (for k = 0) and 



Lemma 2.5 of |15| : again the constants appearing due to the application of that 
result can be chosen independently of e since the domain of (/ o vf/j -1 )^ 2 ) is an 
open neighborhood of ipi(W{). 
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(iv)=>(iii): Clear. 

(iii)=>(i) Using (^), property (i) of Definition 2.5 follows from Theorem 3.3 (v) 
=> (i). Finally, property (ii) of that definition is established by employing an /; 
as in the proof of Proposition 4.1, (b)=^(a), using a representation of both 
and vf^ as in (§). □ 



The above result can in turn be used to derive the following characterization 
result for generalized vector bundle points. 

4.3 Corollary. Let (e £ ) £ , (e' e ) £ S E 1 be vb-moderate. The following statements 
are equivalent: 

(i) (e e ) e ~„ 6 (e' £ ) £ . 

(ii) (f(e E )) E ~ vb (f(e'J) £ mix R"' for each f G Uom c {E,R x R"') (respec- 
tively e Hom(-E,M x R n ')). 

(iii) |/(e E ) - /«) = 0{e m ) as e -> for allmeN and all f G Hom c (£,R x 
R n ') (respectively € Hom(£,R x R"')j. 



Proof. (i)<^>(ii) follows from applying Theorem 4.2 to u £ = e e , v £ = e' e . 
(ii)<S=>(iii) is immediate from the definitions. □ 



We can employ this result in order to get rid of the additional technical 
assumption in the statement of Prop. 3.6 (ii) (called (6) there). Hence 
generalized vector bundle points may be inserted into generalized vector bundle 
homomorphisms unrestrictedly. 

4.4 Corollary. Let u = [{u £ ) £ ] E Ron\ g [E,F], e = [(e s ) s ] G £~" b . Then 
u(e) :— [(u £ (e £ )) £ ] is a well-defined element of of F~ vb . 

Proof. The proof of pl|, Prop. 3.6 (ii) shows (even under the more general 
assumptions made here) that (u £ (e £ )) £ is vb-moderate and that (u £ ) £ (u £ ) £ 
implies (u £ (e £ )) £ ~ v b (u' £ (e £ )) £ for any vb-moderate (e £ ) £ . To finish the proof 
it remains to show that (e £ ) £ ~ {e' E ) £ implies (u £ (e £ )) £ (u £ (e' e )) £ even for 



general (u £ ) £ G £^ B [E,F}. Let / G Hom c (F,R x R m ). By Corollary 4.3 



(ii) it suffices to establish ((/ o u £ )(e £ )) £ ~ vb ((/ o u £ ){e' £ )) £ . Now (/ o u £ ) £ G 



f[/[£,Rxl m ] by Proposition 4.1 and by Ex. 2.15 (i) of |j, (/ o u e ) e satisfies 



(6) from |15j. Thus the claim follows from |15j, Prop. 3.6 (ii). □ 



The above result enables us to conclude the following point value character- 
ization of generalized vector bundle homomorphisms. 

4.5 Theorem. Let u, v G Homg[E, F]. Then u = v if and only if u{e) = v(e) 
in F~- b for all e G E~-» . 
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Proof. By Corollary 4.4 , the point values of u and v at e are well-defined. In 
particular, u = v entails u(e) — v(e) for all e € E~ vb . The converse direction 
follows from the proof of |l5| , Th. 3.7 (ii) and an application of Theorem 4.2, 
(i)^(ii). ^ □ 



Furthermore, it now follows that composition of generalized vector bundle 
homomorphisms can be carried out unrestrictedly: 

4.6 Theorem. Let u = [(u e ) e ] 6 H,omg[E,F], v = [{v e ) e } 6 Homg [F, G] . Then 
v o u :— [(v e o u £ ) e ] is a well-defined element ofHomg[E,G]. 



4.1 



Proof. In order to show that (v e o u £ ) £ e £Yj B [E, G], by Proposition 
suffices to show that (fov £ ou £ ) 6 ^ B [£,lxl fc '] for each / e Hom c [G,lx Bi ' 
Moreover, also by Proposition |4.1| we know that for each / € Hom c [G, 1 



it 



x 



p k' 1 



(/ou E ) E is an element of £ Yj B [F, R x R fc ] . We may therefore assume without loss 



of generality that G = R x R k . ( v £ o u £ ) £ — (v e o u £ ) £ £ £m[X, Z] by Theorem 



3.6. Let (V, $) be any vector bundle chart in E. By the remarks following (|4|) 
it remains to establish the ^/-estimates for (v E o u £ )j d ^ o 95 on every if CC V. 
Choose £i > and if' CC Y such that We(if) C if' for all e < £1. Cover if' by 
open sets W\, . . . , Wi for vector bundle charts (Wi, ^i) and write if' = Ui=i 
with if 4 ' CC Wi (1 < i < I). Let p e K and e < £1. Choose i £ {1, ■-.,£} such 
that it E (p) 6 if£. Then for p' in a neighborhood of p we have 

(v e o U e ){^(<p(p')) = «iid*i(^ °y±ip')) ■ ^M^ifip')) ■ 

Hence the desired estimates for D^ k \(v £ ou £ )^ ) )(ip(p)) follow from the moderate- 

(2) v — 1 

ness-estimates of v^ 9 . on tpi(K[) and property (ii) of Definition 2.4, applied to 

u^ t9 and the set of data (K, V, $), {K[, W h ^i). 

To show that \{v e o u e ) e ] is well-defined we resort to the point value charac- 
terization derived in Theorem [4.6| : if (u £ ) £ ~„& (u' £ ) £ then for any e = [(e e ) e ] we 
have (u £ (e £ )) £ ~„ 6 (u' £ (e £ )) £ , hence (u £ ou £ (e E )) E ~ vb (w £ ou E (e E )) E and therefore 
(v £ ou £ ) £ ~ vb (v £ ou £ ) £ . Similarly, (v £ ) £ ~ vb (v' £ ) £ entails (v £ ou £ ) £ ~ vb (v £ ou £ ) £ , 
which concludes the proof. □ 



5 Generalized vector bundle homomorphisms on 
a generalized mapping 

This section is devoted to an analysis of the hybrid Colombeau spaces intro- 
duced in jllj, Sec. 4. For the convenience of the reader we recall the basic 
definitions, namely of the space of moderate nets in £ h [X, F] = C°°(X, F) 1 and 
the appropriate notion of equivalence in this space. 
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5.1 Definition. We define £^[X,F] as the set of all nets (u £ ) £ e £ h [X,F] 
satisfying 

(i) VK cc X 3K' cc Y 3e > Ve < e u^K) C K' . 

(ii) Vfc € No V(V, ip) chart in X V(M /r , ^) vector bundle chart in F VX CC 
V VL' CC W 37V e N 3ei > 3C > such that 

\\D^^ou e o ip - 1 )^(p))\\<Cs- N 

for each e < e± and each p S In ti e -1 (Z/). 

Note that in particular, (u £ ) £ £ F] implies (tf e ) £ £ £m[^Y]- 

5.2 Definition. (t> £ ) £ E F] are called equivalent, (u £ ) £ ~ h (v £ ) £ , 
if the following conditions are satisfied: 

(i) For each K CC X, sup p£X dh{u £ ,v £ ) — > 

(nj Vfc E No Vm E N V(V,<p) chart in X, V(W / , ^) vector bundle chart in F, 
VL CC V VL' CC iy 3ei > 3C > such that 

||£> (fe) (* o« E o^-$o C£ o V -1 )(V(P))II < 

for each e < e± and each pGifl u £ _1 (L') (~l u e (Z/). 

The space of hybrid Colombeau generalized functions from the manifold X 
into the vector bundle F as usual is defined by Q h [X,F] := £j^[X,F]f ~/s. 
We now start by establishing characterizations of moderateness respectively 
equivalence analogous to the previous cases. 

5.3 Proposition. Let (u £ ) £ E C co (X, F) 1 . The following statements are equiv- 
alent: 

(a) (u £ ) £ e£'^[X,F}. 

(b) (i) (u e ) e is c-bounded. 

(ii) (fou £ ) £ £ £m[X,R x W 71 '} for all f E Hom c (F, M x M m '). 

(c) (/ o u e ) e E fJf[I,tX R" 1 '] /or all f E Hom(F,R x W n ' ) . 

Proof. (a)=^(c): We have to show that for each / = (/o7ry,/ 2 ) E Hom(F,Rx 
R m ') (with / 2 = pr 2 o /, pr 2 : 1 x M m ' -> M m ') and each chart (V» in X 
we have / o o i^ -1 e ^mOpOO) an d (/a ° u e ° ^'"''Os E £m( ( p(V))" 1 . The 
first claim follows from Proposition [^2] since (u £ ) £ £ £jf [X, Y] and / E C°°(Y). 
Let I CC V and choose £q > 0, V CC Y such that u E (L) C I' for e < e - 
Choose a covering of L' by vector bundle charts (Wi, ^i) of F (1 < i < s) and 
write L = \J*=i L\ with LJ CC W|. There exists £i < £o such that property 
(ii) of Definition O is satisfied for (L, V, ip) and (L[, Wi, . . . , (L' s , W s , * s ) 
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simultaneously. Let e < £\ and p € L with u £ {p) £ L\. Then in a neighborhood 
(depending on e) of tp(p) we have 



f 2 ou e otp 1 = (/ 2 o 1», x ) o o u £ o 93 x ) 
yielding the claim (as in the proof of Proposition |3.2| (a)=> (6)). 



(8) 



(c)=^(b) follows from Proposition 3.1 



(b)=>(a): (i) in Definition 5.1 being evident, let us establish (ii). Let L CC (V, tp) 
a chart in X and V CC (W, *f?) a vector bundle chart in F and choose an open 
neighborhood U of V whose compact closure is contained in W. Choose any 
l€{l,...,m} and let ft E Hom c (F, Kxl" 1 ') such that 



where pr ; 
we have 



— > R. Let p e Lfl w e _1 (i'). Then in some neighborhood of p 

(f l ou £ op~ 1 ) = (ip l ou £ o yC 1 , -0 ou £ o (p- 1 ) (9) 



from which the claim follows. 



□ 



In the following result, r^ h0 denotes the equivalence relation on £^j[X,F] 
defined by imposing Definition |5.2| (i) and (ii) for k — 0. 

5.4 Theorem. Let (u e ) £ , (v £ ) £ E £^[X,F]. The following statements are 
equivalent: 

(i) (u £ ) £ ~fc (v £ ) £ . 

(ii) (u e ) e ~M) (Ws)s- 

(Hi) (/ ou £ ) ~ h (fov £ ) £ in £^[X,Rx E m '] /or a// / 6 Hom c (F,R x R m '). 
(roj (/ o Ue ) ~ h (/ o v £ ) £ in £^[X,R x R m '] for all f E Hom(F,R x R m '). 
Proof. (i)=^(ii) is clear. 

(ii)^(iv): Let / 6 Hom(F,R x M m ') and L CC V, (V,<p) a chart in X. Using 
the same notations as in the proof of Proposition |5.3| , to show (iv) we have to 
establish the A/"-estimates of order on L for (fou £ —fov £ ) £ and (f2°u £ — f2°v £ ) £ - 
Let L'ccY and £o > such that u £ (L) Uv £ (L) C L' for £ < £o an d cover L' by 
open sets W 7 /, W{ CC VK; (1 < I < s) with (Wc,^;) vector bundle charts in F. 
Since (u £ ) £ (f s ) E , for each small e and each p E L there exists Z <E {1, . . . , s} 
such that u £ (p) and v £ (p) are contained in W 7 / si multaneously. Hence the first 



of the above e stim ates follows from Theorem 3.3. The second one follows from 
(||), Definition |5.2] (ii) (for k = 0) and Lemma 2.5 of jL5|: the constants in the 
ensuing estimates can be chosen independently of £ since the domain of fa o 
is an open neighborhood of if>i(W() x R m . 
(iv)=>(iii): Obvious. 
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(iii)=>(i) Property (i) of Definition 5.2 is immediate from Theorem 3.3. Prop- 
erty (ii) is established using an // as in the proof of Proposition |]3, (b)=>(a), 
employing representations as in (||) for both /; o u E o ip^ 1 and fi o v E o ip -1 . □ 

As in the previous cases we now use the above results to gain a point value 
description of hybrid generalized functions. 

5.5 Theorem. Let u = [{u e ) e \ G G h [X,F], p = [(p E )J G X c . Then 

(i) u{p) := [(u E (p E )) E ] is a well-defined element of F~ vb . 

(ii) If u, v G Q h [X,F] then u = v if and only if u(p) — v(p) for all p G X c . 
Proof, (i) Since (jp s )e is compactly supported, vb-moderateness of (u e (p £ )) s 



follows immediately from c-boundedness of (u E ) E and Definition 5.1. Suppose 
that (p e ) e ~ [p' e )e- To show that (u E (p E )) E ~ vb (u £ (p' £ )) e , by Theorem [O 



and Corollary 4.3 we may without loss of generality suppose that F = M x 



R m . Choose K CC X such that p E , p' e G K for e small, cover K by charts 
(Vi, (fi), . . . , (Vi, (fi) and write K — \J i=1 Li with Li CC Vj. Then choosing the 
trivial vector bundle chart on K x R m the claim follows from estimates of the 
form 

\u E {p e ) - U e (p' e )\ < Sup \\D(u e o </?^ 1 )(^(g))|| \ipiiPe) ~ fi(p' e )\ , 

and moderateness of (u E ) E . Finally, let (u E ) E ~/, (u' E ) E . Then (u E {p E )) E ^ v b 
(u' E (p E )) E follows from Definition [5.2| (ii). 

(ii) Necessity has been established i n (i ). Conversely, suppose that (u E ) E 7^ 
(v E ) E , i.e., (u E ) E rfj m (y e ) e (Theorem |5^). Then either (u E ) E ^ (v E ) E in which 
case by |Tq| , Prop. 2.14 we obtain ap£ X c with u(p) ^ v(p), and, consequently, 
u(p) ^ v(j>). Hence the only remaining possibility is that property (ii) for k = 



of Definition 5.2 is violated. Hence there exist m G N, L CC V for a chart (V, 93) 
in X, L 1 CC iy for a vector bundle chart (W, 4") in F and sequences Ej < l/j, 
Pj G Ln u E - 1 {L') n u e , -1 (.Z/) with 

\l{> o U E ( Pj ) - if) o U e (>j)l > J£™ • 

We set p E := for Sj +1 < e < Sj. Then p := [{p E ) E } G X c and w(p) 7^ v(p). □ 

Finally, compositions can be carried out unrestrictedly: 

5.6 Theorem. Let u = [{u E ) E ] G G[X,Y], v = [(v E ) E ] G G] and iu = 

[(w e ) E ] G Homg[G, if]. Then v o u := [(u £ o w e ) £ ] and w o v := [(iu e o v E ) E ] are 
well-defined elements of Q h [X,G) and Q h [Y, H], respectively. 
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Proof. Moderateness of (v £ o u £ ) £ and (w £ o v £ ) £ follows in a straightforward 
way from the definitions. The respective classes are well-defined (i.e., indepen- 
dent of the representatives of u, v, w) by Theorems 3.5, and ^5] (ii). □ 



We next demonstrate that for any u G G[X, Y] the space Hom u (E, F) := 
{v G Hom(E, F)\v — u} can naturally be endowed with the structure of an 
R-vector space. Although the corresponding statement in the smooth case 
is self-evident, in general the representatives (v £ ) £ , (v' £ ) £ of elements v, v' of 
Hom u (i?, F) need not project onto the same representative (u £ ) £ of u = v = 
v!_ G G[X, Y], so that simple fiberwise addition is in general not possible. In 
order to handle this problem we employ the following result 

5.7 Proposition. Let u = \{u £ ) £ ] G G[X, Y] and v G Ham u (E,F). Then there 
exists a representative (v £ ) £ of v such that v £ — u £ for all e G I. 

Proof. We suppose that X is connected for the moment, the modifications 
for the non-connected case are then obvious. By fip : 1 x f ^ f we denote 
fiberwise scalar multiplication. Endow Y with any Riemannian metric h and 
cover Y with dh-balls Wa^ of radius r such that (W a , is a vector bundle 
atlas of F. Choose a partition of unity \j (J £ N) subordinate to the covering 
(Wa^) a of Y and let suppxj CC Wd/ for j G N. Let (v £ ) £ be any representative 
of v. For any relatively compact open subset V of X there exists some £o such 
that sup pg y dh(ve.(p), u e (p)) < r. Hence for e < Eq and p G V, u £ (p) G supp(xj) 
implies 7ry-(v e (p)) G dom('0 Qj . ) and we may define for e G n x (V): 

v e(e) :=^/iF (x 3 o%°^(e),^ (i> aj (u e (n x (e))),il> ai (v s (e)))^ (10) 
Since 

«e( e ) = ^2hf(Xj °v jL °Kx(e),v £ (e)) 

= ^2^F (xj ov^oTTxie),^-] (^ Qj CM^x(e))),t/> Qj (v £ (e)))) 

jen 

it follows from v G Hom u (i?, F) and the definition of that (v £ ) £ is a rep- 
resentative of v\v- Finally, to construct a global representative of v with the 
claimed properties we first note that by our connectedness assumption X is 
er-compact, hence we may choose an exhaustive sequence K rn (m G N) of com- 
pact subsets of X such that K m CC K^+i for all m. By the above for each 
m G N there exists e m > such that v £ as in ( |Tc| ) is defined on for e < e m . 
According to Lemma 10.3 there exists a smooth / : X — ► (0, 1] such that 
< f(p) < e « f° r P £ \ Kn-v Thus by defining w according to ( |To| ) for 
(e, e) G {(e, e) G E x 7|e < /(7rx(e))} (and arbitrarily elsewhere) we obtain the 
desired global representative of v. □ 
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5.8 Corollary. For any u 6 G[X, Y], Hom u (E, F) is a vector space. 

Proof. Fixing any representative (u £ ) £ of u, for any V\, v% (z Hora u (E,F) we 
may choose representatives as in Proposition 5.7, so the claim follows. □ 



By a similar reasoning it follows that in case X = Y the space of strict 
generalized vector bundle homomorphisms Hom^x [E, F) is naturally endowed 
with a vector space structure. 

We finish this section demonstrating one of the consequences of the above 
result in the context of the induced covariant derivative of generalized vector 
fields on a curve introduced in |L9]], Sec. 5. Let a S Q[J, X], where J is an 
interval in K and let g be a generalized metric on X (cf. Def. 3.4 in |l9|) with 
generalized Levi Civita connection D (cf. ||l9| , Def. 5.1 and Th. 5.2). For any 
generalized vector field £ on a, i.e., £ = € Xg(a) the induced covari- 

ant derivative £' is defined componentwise, i.e., £' :— [(£,' £ ) £ ], where £' e is the 
classical induced covariant derivative with respect to a representative (g £ ) £ of 
g. Note that by ]ig|] , Th. 3.1 any generalized pseudo-Riemannian metric (on 
any relatively compact open set) has a representative which consists of clas- 
sical pseudo-Riemannian metrics for e small enough. Now for £, -q £ Xg(a) 



we may define g(£, 7 r]) componentwise since by Proposition 5.7 we may choose 
representatives (£ £ ) e and (r] £ ) £ of £ respectively rj with £ £ = rj e — a e for some 
representative (a £ ) £ of a. Hence both sides of the equation 

j t mv) = m',v)+m,v') (ii) 

are well-defined. Moreover, equation ([ll]) indeed holds by an application of the 
classical result (cf. e.g. Prop 3.18) at the level of representatives. 



6 Coupled Calculus 

In all variants of Colombeau generalized functions taking values in a linear space 
compatibility with respect to the distributional setting is effected through the 
notion of association. We say an element (u £ ) £ of £m(X) is associated to zero 
if J u £ v — > for all compactly supported one-densities v on X (see |[o|, Sec. 
2), i.e., if u £ — > weakly. If (u £ ) £ € Af(X) then it is automatically associated 
to zero, so we may define a generalized function to be associated to zero if its 
representatives are. We say that two generalized functions are associated, u ~ v 
if u — v w 0. The equivalence relation « allows us to define the linear quotient 
space Q{X)/ w. Equality in ^(X) clearly implies association but not conversely 
(e.g., any power H n (n > 2) of the Heaviside function H in Q(M) is associated 
but not equal to H). 

We say that u S G{X) admits w G D'(X) as a distributional shadow if 

lim / u £ v = w(v), Mv S r c (Vol (X)) 
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The distributional shadow of u is uniquely determined (if it exists). Thus 
although the embedding i of T>'(X) into G(X) is not unique, one recovers a 
unique description of T>'(X) within the Colombeau algebra by working with 
t{D'{X))/ «. 

To extend the concept of association to the context of generalized functions 
taking values in a smooth manifold we would need a "diffeomorphism invari- 
ant characterization" of weak convergence. Based on the results of this paper 
it is natural to aim at a notion of association defined by [(w e )e] ~ G 
Q[X,Y] [(/ o u s - f o v s ) s ] « e Q{X) Mf e C°°(Y). However, such 

a construction does not reproduce the standard concept of association in the 
case that Y is a vector space since weak convergence cannot be characterized 
by composition with smooth functions. To see this we first note that by pjfl , 
Ex. 10.6, we may choose di, d,2 G <?(R), both associated to S such that df « c,(5 
(i = 1,2) with a G C and ci ^ ci. Hence d\ ss cfo but / o d\ 76 / o di for 
/ = x 1— > x 2 . 

On the other hand the notion of fc-association in G(X) as introduced in Jl8[ | , 
Sec. 5 can be generalized to the present setting using composition with smooth 
functions. 

6.1 Definition. 

(i) Let u — [(w e ) £ ], v = [{v e ) e ] G G[X, Y]. We call u and v k-associated 
(0 < k < 00) with each other (u ~k v) if f o u ~k f V G G(X) for all 
/GC°°(F). 

(ii) We say that u = [(it e ) e ] G G[X, Y] admits g : X — > Y as C k -associated 
function (u « fe g) if f o u w fe / o g £ G(X) for all f G C°°(Y). 

Analogously to the case of G{X) [Q, Def. 1 (ii) if u G G[X, Y] is fc-associated 
to a function 5, then g G C fc (X, y). Furthermore if u admits a k- associated 
function at all, then the latter is unique. 

If y = R" the notion defined in (i) above coincides with the one of p8| , 
Def. l(i). To see this take [(tt e ) e ] w fc [(v e ) s ] G G(X) n . Since ||tt e - u e || -+ on 
compact sets the estimates on \\f(u e (x)) — f(v £ (x))\\ follow from p5| , Lemma 
5. The derivatives can be estimated in the same way. We have the following 
characterization of 0-equi valence. 

6.2 Proposition. Let (u £ ) £ , (v £ ) £ G G[X, Y]. The following statements are 
equivalent: 

(i) (u £ ) £ « (Ve)e- 

(ii) For every Riemannian metric h on Y and every K CC X , 
sup d h (u £ (p), v £ (p)) -^0 (e -> 0). 

pEK 

Proof. This follows in complete analogy to the proof of the equivalence of (iii) 
and (iv) of Theorem 3.3. □ 
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6.3 Examples. 



(i) By Theorem |3.3| two elements (u e ) e , (v £ ) £ of Q\R, K] are equivalent if and 
only if for each K CC K Vm E N sup xeK \u e (x) — v E (x)\ — 0(e m ). Hence 
the classes of u e (x) = ex, v E (x) = e 2 x 2 in f/[M,M] arc different, but arc 
easily seen to be O-associated. 

(ii) In |]l7f , solutions of the geodesic equation for a singular spacetime metric 
with line-element 

ds 2 = 6{u)f{x, y)du 2 ~dudv + dx 2 + dy 2 (12) 

are calculated. Based on Theorem 1 of that paper it is shown in the final 
section of |l^] that the x-component of the unique solution of this ODE is 
c-bounded, hence can be regarded as a manifold-valued generalized func- 
tion. Furthermore, from U%, Theorem 3 it follows that it converges locally 



uniformly (hence by Proposition 6.2 is O-associated) to a kink function 



This corresponds to the physical expectation of broken geodesies of the 
singular metric (113). 
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